Little's Law

In queuing theory, Little's result, theorem, or law are three names for the same law. 

In plain English, it says: 

The average number of customers in a stable system (over some time interval) is equal to their average arrival rate, multiplied by their average time in the system. 

Although it looks intuitively reasonable, it's a quite remarkable result, as it implies that this behaviour is entirely independent of any of the detailed probability distributions involved, and hence requires no assumptions about the schedule according to which customers arrive or are serviced, or whether they are served in the order in which they arrive. 

It is also a comparatively recent result - it was first proved by John Little in 1961. 

Handily his result applies to any system, and particularly, it applies to systems within systems. So in a bank, the queue might be one subsystem, and each of the tellers another subsystem, and Little's result could be applied to each one, as well as the whole thing. The only requirement is that the system is stable - it can't be in some transition state such as just starting up or just shutting down. 
Simple Example

Imagine a small shop with a single counter and an area for browsing, where only one person can be at the counter at a time, so the system is roughly: 

Entrance → Browsing → Counter → Exit 

The three important measures are the average time people take at the counter, the utilisation of the counter, and the rate at which people move through the system. The rate is what the shop wants to maximise. 

So all we do is apply Little's result to the counter. This shows that the number of people on average at the counter is the rate at which they move through the system, multiplied by the time it takes to serve them. Since the number of people at the counter is just the utilisation, it can therefore be shown that the rate is given by the utilisation, divided by the time per customer. 

Therefore, to make a really productive shop you should strive to take as little time as possible ringing up the bill, and you should try to keep your counter as busy as possible. In practice, the latter means walking up to people who seem to be taking their time browsing and saying 'Can I help you' in an annoying fashion. Unfortunately. Other ways to increase the counter utilisation might be to have more people in the shop browsing, or to have a queue.

Peter Denning succinctly phrases this rule as ``The average number of objects in a queue is the product of the entry rate and the average holding time.'' He applies it to his wine cellar: ``I have 150 cases of wine in my basement and I consume (and purchase) 25 cases per year. How long do I hold each case? Little's Law tells me to divide 150 cases by 25 cases/year, which gives 6 years per case.'' 

Using Little’s law for capacity planning in hardware servers

Little's Law states:

The average number of customers in a queuing system N is equal to the average arrival rate of customers to that system λ, times the average time spent in that system T

When load, or stress, testing a system, the only variable you can control is the arrival rate. The values you can measure are the response time and the throughput, or the completed requests in a period of time. As long as your arrival rate is equal to your throughput, you are not queuing requests. At the point where the throughput is less than the arrival rate, you have reached 100% utilization in the system.

In the real world, load reaches a system in bursts. But to simplify matters, we only want the steady state values. Note that queuing during bursts is good, assuming the load is just a burst and will settle down allowing the queue to empty.

To determine the load on a system in steady state, you need to keep the arrival rate into the system constant for a relevant period of time. To do this, you do not have concurrent threads/clients blindly fire one request after another into the system.

For an arrival rate of 1 request/sec you must have a client start a request every second, on the second. Not block for the reply and the fire a new request. The requests should fire like the tick of a metronome. By increasing the number of clients or threads making a request every second, you increase the arrival rate. If we have 5 clients making one request each second, we have an arrival rate of 5 request/sec.

What's of interest here is if the average response time remains constant up to 100% utilization, or if it is non-linear and increases as the arrival rate increases. That is, with an arrival rate of 1 request/sec, the average response time is .2 sec. If you plan for 80% utilization at average peak loads by extrapolating with these values you get, .8 utilisation / .2 sec = 4 request /sec per resource. But this may not be true. At 4 requests a second, your average response time in the real world might be .25, which is 100% utilization.

Another interesting thing to keep an eye on is to see what the actual level of concurrency is. If you get the arrival rate up to the point where the throughput cannot keep up (100% utilisation), the value of N should equal the number of effective resources. In a very simple system, this should approach the number of CPU's on the server. But if the server is passing requests to a database, you may see far fewer effective resources (a lower number of concurrent requests) when at 100% utilisation.
Some Further Examples
Consider Little’s law as:
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Consider the following examples:

· At the supermarket a checkout operator has on average 4 customers and customers arrive every 2 minutes. Therefore customers on average will be in line for 8 minutes. 

· A restaurant holds about 60 people, and the average person will be in there about 2 hours, so they're entering at the rate of about 30 people an hour. The queue for the restaurant has 30 people in it, so that means I'll wait about an hour for a table.

· A financial services organisation receives on average 160 enquiries per day about its products and services. If it takes around 30 minutes to process each enquiry and management want to ensure each enquiry is responded to on the same day its received, how many people are needed to process the enquiries?

The following grid sets out the data from these three examples:
	Problem
	Throughput Time
	Work in Process
	Throughput Rate

	1
	? minutes/customer
	4 customers
	½ customer/minute

	2
	2 hours/customer
	60 customers
	? customers/hour

	3
	½  hour/enquiry
	? people @ 1 per enquiry
	20 enquiries/hour


The trick to using Little’s Law is to ensure you are working with the same time interval for the throughput time and throughput rate i.e. minutes, hours, days, weeks, etc. Otherwise your answers will be incorrect. (This is where most people get Little’s law wrong).
In the first problem, we want to find the Throughput Time at the checkout, which is 4 customers x ½ customer / minute = 8 minutes. Note that I converted all figures to minutes.
In the second problem, I want to find the Throughput Rate, which is 60 customers / 2 hours per customer = 30 customers / hour. If the queue has 30 people in it then, based on this throughput rate, I’ll have to wait for an hour before getting a seat in the restaurant.

In the third problem, I need to find the Work in Process, which will equate to the required number of people if I consider that each enquiry will require one person to handle it. I firstly convert the figures to an hourly basis. I then calculate the Work in Process which is 20 enquiries per hour x ½ hour per enquiry = 10 enquiries in process at any point in time, i.e. I need 10 people to handle the enquiries. 
An interesting point to this is the use of Little’s Law in reverse with this situation. If I am limited on the number of people I can hire to say, 6 people and the Throughput Rate remains the same, then I will have to work out a way of coping with this limitation e.g. each enquiry will have to be handled at the rate of 20 / 6 per hour or 1 every 18 minutes. If this can’t be done i.e. it does require 30 minutes per enquiry, this means that 6 people can only handle 12 enquiries per hour. To cater for 160 enquiries per day means the 6 people will have to work 13.3 hours per day to handle the workload (160 / 12). With the additional overtime costs that represents, it may well be cheaper to hire additional staff. Little’s Law can help work out what is the breakeven point between hiring additional staff and having the existing staff work extra hours.
Some other examples of Little’s Law at work

1. How fresh is the meat?

A fast food hamburger restaurant uses 3,500 kilograms of hamburger mince each week. The manager of the restaurant wants to ensure that the meat is always fresh i.e. the meat should be no more than two days old on average when used. How much hamburger mince should be kept in the refrigerator as inventory?

Using Little’s Law:



Throughput = 3,500 kilograms per week (= 500 kilograms per day)


Average flow time = 2 days 



Average inventory 
= Throughput x Average flow time






= 500 x 2 = 1,000 kilograms



(Note that the variables are all in the same time frame i.e. days)

2. How long does it take to process an insurance claim?
The Acme Australia insurance company processes 12,000 insurance claims per year. At  any point in time, there are 480 insurance claims in head office in various phases of processing. Assuming that the office works 50 weeks per year, find out the average processing time of an insurance claim in days.

Throughput time 
= Work In Process / Throughput Rate

Work in Process
= 480 claims

Throughput Rate 
= 12,000 claims per year = 12,000/50 claims per week




= 240 claims per week

Throughput Time 
= 480 / 240 = 2 weeks 

3. Cash Flow

A hardware vendor manufactures $300 million worth of PCs per year. On average, the company has $45 million in accounts receivable, How much time elapses between invoicing and payment?

Throughput Rate
= $300 million per year


Average “inventory”
= $45 million


Average “flow time”
= 45 / 300 per year = .15 years = 1.8 months = 54 days
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